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1. INTRODUCTION 
1.1 Object and Scope 
Experimental evidence on the behavior of frames 
subjected to lateral loading and containing a filler of a 
tension-weak material has indicated great differences in 
ultimate load and energy absorption capacity as distin-
guished from similar unfilled frames. This work is aimed 
toward a systematic evaluation of the energy capacity of 
filled frames by developing an analytical procedure for 
the determination of load-deflection response and crack 
formation in frame and filler. 
The behavioral characteristics which are of 
prime importance are concerned with the energy absorbing 
capacities of the structure, and a clarification of the 
mode of failure. It was observed from tests which were 
available prior to the present investigation, that the 
inclusion of filler walls in an otherwise conventional 
structural frame had a drastic effect in altering the 
manner in which the frame resisted horizontal loads. From 
an analytical standpoint in engineering practice, the 
analysis of the coupled frame and shear-wall system has 
been limited to a superposition of the separate capacities 
of the two load-carrying systems. It has been desirable 
to verify this behavioral assumption experimentally 'and 
2 
analytically, and to derive a better understanding of the 
available resistance in the filled-frame structure so that 
the potentialities of this system, which is in such wide-
spread use, may be more fully realized. 
The analytical study has been based on results 
which were obtained from an analytical model. The primary 
advantage of the analytical technique is that it allows 
solutions to be readily obtained for a range of different 
structural properties. Experimental techniques are neces-
sarily limited by time and expense in a comprehensive defi-
nition of behavior. The analytical approach can be used 
most advantageously to verify and to clarify the experi-
mental results, and to generalize the behavioral phenomena. 
The analytical model was chosen to avoid the 
introduction of presumptive assumptions regarding over-all 
behavior and thus yields solutions which are nonderiva-
tive in nature. It is essentially a discrete physical 
model which reduces the solution for a structural system 
with an infinite number of degrees of freedom to one with 
a finite number of degrees of freedom. The model behavior 
is governed by the laws of particle mechanics which allow 
straightforward treatment of partial loadings and complex 
boundary conditions. The model has been successfully used 
in static and dynamiC behavioral studies for a wide range 
of problems in plane and solid continua. 
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For the requirements of the present study, the 
model has been modified to handle the existence of crack-
ing within the structure. This required the assumption of 
a criterion to def~ne the conditions under which cracking 
takes place in localized regions of the structure. Solu-
tion of the problem has been coded for the IBM 7094 digital 
computer. 
1.2 Nomenclature and Notation 
References to 'stress' within the text are to be 
considered synonymous with the concept of 'force l • The 
symbolic form: ~[ ] represents the maximum value of the 
set of values contained within the brackets. Symbols are 
defined where they first appear, and are summarized herein 
for convenience. 
X,Y directions of axes 
U,v displacement components at the same mass point 
in the analytical model in the x,y directions 
respectively with units of length 
elastic modulus of deformation for the filler 
material in units of force per unit area 
elastic modulus of deformation for concrete in 
the frame in units of force per unit area 
Poisson's ratio 
I moment of inertia of frame cross section 
A 
i,j 
X .. ,Yo . 
~J ~J 
= = 
4 
area of frame cross section 
indices for numbering purposes in the x,y 
directions, respectively 
body forces applied to the model at mass point 
'ijl in the x,y directions respectively with 
units of force 
X,Y components of body force per unit area 
SA stiffness of axial spring in units of force per 
S5 
SF 
SE 
F ,F 
x Y 
S 
(J ,(J 
x y 
T 
h 
unit length 
stiffness of shear spring in units of force per 
unit length 
stiffness of flexural spring in units of force 
per unit length 
stiffness of extensional spring in units of 
force per unit length 
axial force components at a stress point in the 
x,y directions 
shear force component at a stress point 
unit normal stress components in the filler 
unit shear stress component in the filler 
thickness of the filler in units of length 
mesh size in the model in units of length 
lateral displacement of the kth story in units 
of length 
f 
( 
I 
I 
I 
J 
r 
I 
I 
I 
r 
p 
p 
F 
max 
f' 
c 
5 
steel reinforcement in the frame as a percentage 
of the gross area of the cross section 
magnitude of the influence loads applied to the 
structure in the analysis with units of force 
vector quantity containing the generalized 
displacement components as obtained in the kth 
solution 
symbolic notation for the set of stresses which 
exist in the entire structure for the kth solu-
tion 
symbolic notation for the set of principal 
stresses within the filler for the kth solu-
tion, being a subset of pk 
symbolic notation for the set of principal 
tensile stresses within the filler for the kth 
solution, being a subset of Fk 
the set of maximum allowable stresses for all 
possibilities of failure within the structure as 
determined by the respective failure criteria 
maximum allowable tensile stress in the filler 
(Fmax is an element of the set Fmax> 
compressive strength of concrete in the frame 
in units of force per unit area 
total horizontal load on the structure at ulti-
mate, with units of force 
a 
H 
B 
n 
ratio of the total vertical load to the total 
horizontal load 
story height with units of length 
ratio of column spacing to story height 
number of stories 
area of frame reinforcement 
yield strength of frame reinforcement, with 
units of force per unit area 
6 
I 
r 
I 
7 
2. METHOD OF ANALYSIS 
2.1 General 
The analytical solution of the frame with filler 
walls can be reduced to the consideration of two interacting 
structural elements. The filler is considered to be a 
plate subjected to in-plane forces, and the frame as the 
familiar assemblage of lineal structural elements which 
resist load by flexure, extension, and shear. In this 
context, a combination of membrane theory for the plate 
element and a general framework analysis for the frame seems 
appropriate. The present work is a study of the behavior 
of multistory infilled frames not only for the elastic 
uncracked structure, but also for the range where cracking 
has appeared in frame and filler. A prime consideration 
in the analytical scheme has been the development of a 
rational method of predicting the sequence of crack forma-
tion in the structure with increasing load. 
2.2 Critique of Existing Analytical Methods 
I Existing studies of infilled frame behavior have 
1 
r j 
I 
t 
1 
1 
been mainly concerned with the behavior of a single-panel 
structure. Two basic approaches are implicit in the 
majority of cases. The first approach considers the 
behavior of the shear panel to be affected by the presence 
8 
of the bounding frame which is considered to be a stiffen-
ing element along the panel edge. Thus, the basic problem 
is envisioned as one of "platen behavior. The other 
approach concentrates attention on the behavior of the 
structural frame as affected by the panel infill, and 
attempts to define the manner in which the panel affects 
the stiffness of the frame. Behavior is thus considered 
synonymous with that of the tlframe ll • This duality in the 
analytical approaches is understandable in light of the 
structural behavior ordinarily associated with plates and 
frames acting as isolated entities. It has lead to incon-
sistencies in the hypotheses regarding the mechanism of 
shear resistance. Investigations concentrating on plate 
behavior tend to base the criterion of failure on the 
formation of diagonal tension cracks. On the other hand, 
the frame-oriented investigations gravitate toward the 
compression-strut hypothesis and predict failure as deter-
mined by the infill acting as a compression member in the 
framework. The quasi-empirical assumptions regarding 
behavior in these analyses tend to obscure the actual mode 
of resistance in the structure and can be criticized for 
suffering from a lack of generality in explaining the 
resistive mechanism. 
A variety of specific analytic methods has been 
employed in theoretical studies of frame filler structures 
I 
l 
I 
I 
l 
I j 
I 
J 
9 
and of related problems. Rosenhaupt (l)* has used a 
finite-difference technique in determining values for the 
Airy stress function in a masonry wall supported on a 
reinforced concrete beam. Boundary conditions at the wall-
beam interface are expressed as relationships between the 
stress function and the physical properties of the beam. 
The result is a solution to the plane stress problem of 
an edge-stiffened plate subjected to in-plane forces. From 
the computational standpoint, solutions involve a set of 
simultaneous equations in terms of the unknown values of 
the stress function throughout the plate element. This 
scheme presents formidable difficulties in formulating 
boundary conditions if it is to be extended to consider 
cracking in the plate or in the bounding beam. 
Hinkley (2) has solved a similar problem of a 
masonry wall with edge beams by using the McHenry-
Hrennikoff lattice analogy. The analysis provides the 
elastic stress distribution in the wall. Of particular 
importance is the necessarily large number of lattice 
segments and a seemingly prohibitive amount of computer 
time, due mainly to slow convergence. With the availa-
bility of high-speed computers, solutions for this type of 
* ~umbers in parentheses refer to the correspondingly 
numbered items in the List of References. 
10 
problem may be obtained more efficiently using finite-
difference or finite-element formulations rather than the 
lattice analogy. 
Benjamin and Williams (3,4) employed the lattice 
analogy in the analysis of one-story infilled frames in 
the post-cracking range. In constructing the load-
deflection behavior up to ultimate, two separate solu-
tions are required - the uncracked lattice solution which 
yields the elastic behavior up to the value of the load 
at first cracking, and the solution containing an ideal-
ized fully-developed crack pattern. The ul tima·te load 
was computed by an empirical formula for the case of shear 
failure in the compression column, or it was obtained 
directly from the analysis if failure was due to yielding 
of the tension column steel or to the formation of a 
diagonal tension crack. In order to obtain the behavior 
in the post-cracking range below ultimate, it was assumed 
that the full crack pattern was fully materialized at a 
load level halfway between the first-cracking and ultimate 
loads. This assumption gives one point on the load-
deflection curve for the lattice solution with the 
idealized crack and defines the slope above first crack-
ing. The intersection of this line with the ultimate 
load gives a value for the ultimate deflection. 
11 
In the cases studied by Benjamin and Williams, 
the crack disposition was known from test results or could 
be generalized from similar tests due to the simplicity of 
the structure. The possibility of extending the analysis 
to mUlti-story structures is complicated by the necessity 
of knowing the crack pattern to be used in the second 
stage of the analysis. A solution, on this account, 
would necessarily be an iterative one. Also, the assump-
tion of a single cracked state may not be applicable. 
The multiplicity of cracked configurations would compli-
cate the calculation of the ultimate loads if the same 
failure criterion were used. 
Smith (5) has considered the problem of deter-
mining ultimate loads for a multi-story infilled frame 
by reducing the infill panel to a compression strut in 
an equivalent pin-jointed frame which is analysed by 
conventional methods to give upper bound values for 
lateral loads corresponding to failure in one of the 
struts. Failure criteria for each strut are considered 
to be diagonal cracking and compressive failure as 
derived from theoretical analyses based on relative 
stiffnesses of frame and infill. The main objection to 
Smith's behavioral model is its inherent lack of gener-
ality in reproducing behavior of actual multi-story struc-
tures. Failure of the frame members is not recognized. 
12 
2.3 Criteria for an Analytical Model 
The infilled frame can be generalized as a 
planar element occupying a finite two-dimensional region 
which is also the domain of a conventional structural 
frame. External loads are resisted by the frame and 
plate in consort. A general method of analysis for the 
infilled frame must necessarily be based on the solution 
of the differential equations of equilibrium for a plate 
element subjected to in-plane forces. The existence of 
frame elements in the plate region complicates the plate 
solution by classical methods in elastic theory_ Solu-
tions for a masonry filler wall which must account for 
crack propagation are difficult to handle by stress 
functions or variational methods. Numerical procedures 
utilizing finite difference formulations for the governing 
differential equations and plate models have the disad-
vantage of requiring considerable computation which has 
been overcome by the availability of high-speed digital 
computers (6,7). 
A lumped-parameter model developed by Harper 
and Ang (8) for the analysis of contained plastic flow in 
plates has the advantage of mathematical consistency with 
the differential equations of equilibrium (9), and can be 
supplemented with flexural-extensional elements to repre-
sent the frame. The present analysis utilizes this model 
I 
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13 
with modifications to admit progressive cracking with 
increasing load. 
2.4 Equations of Equilibrium 
Referring to Fig. 2.1, the equilibrium equations 
for an element of the filler in terms of membrane forces 
are: 
N +N +X=O 
. x,x XY,y 
N +N +Y=O XY,y y,y (2.1) 
where X and Yare components of body force per unit ar.ea, 
and commas indicate partial differentiation. Utilizing 
assumptions of elastic isotropy and small displacements, 
equations (2.1) may be expressed as: 
{l+vl {l-vl 2 
u'xx + V'xy + U'yy + X 
{I-v l 
= 0 2 2 E h 
w 
{ 1+ v2 ,1-v2 2 
V'yy + u + v'xx + Y 
{I-v l 
= 0 2 'xy 2 E h 
w 
(2.2) 
where u,v are orthogonal displacement components corre-
sponding to the x,y directions respectively, v is Poisson's 
ratio for the wall, Ew is the elastic modulus, and h is 
the wall thickness. 
Following Ang's model configuration (8), and 
referring to Fig. 2.2, displacements are defined at 'mass 
pOints', and the two-dimensional stress tensor is defined 
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at "the I stress pOints I. The partial derivatives of the 
displacement components in equations 2.2 are transformed 
into the equivalent finite difference expressions: 
U'xx = 
_1_ (u i + 2j - 2u .. + u. 2') 2A2 ~J 1.- J 
V'xy = 
_1_ (Vi +ij +1 - v'I' 1 - v'I' 1 + v. l' 1) 2 A2 ~- J+ l.+ J- J.- J-
U'yy = -L (uij +2 - 2u, , + u .. 2) 2 A2 ~J ~J-
(2.3) 
V'yy = 
_1_ (Vij +2 - 2v .. + v .. 2) 2 A2 l.J l.J -
U'xy = -L (u i +1j +1 - u i - 1j + 1 - u i +1j - 1 + u. 1'1) 2 A2 ~- J-
v'xx = 
_1_ (Vi +2j - 2v .. + v. 2') 2 A2 l.J ~- J 
to yield the equilibrium equations for the model at mass 
point ij (equations 2.4). 
E h 
w 
2 [(6-2v)(u. ,) + (-2)(u·+2 , + u, "2') 4(1-v ) l.J ~ J ~- J 
E h 
w 
- (l-v)(u. '+2 + u .. 2) + (l+v)(v. 1'+1 l.J l.J - l.- J 
2 [(6-2v)(v .. ) + (-2)(v. '+2 + v,, 2) 
4(1-v ) l.J ~J l.J-
- (1-V)(v'+2' + v, 2') + (l+V)(u. I' l' l. J 1.- J 1.- J+ 
- u, I' 1 - u. 1'+1 + u, I' 1)] = Yij 1.- J- 1.+ J 1.- J-
(2.4) 
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These equations are shown symbolically in Fig. 2.3. 
Alternately, eq~ati~ns (2.4) may be obtained by special-
izing Mohraz as shell equations (10) for a flat plate. 
and Yij are body forces applied to the model, and are 
related to X and Y as: 
x .. = A 2X' 
l-J 
X .. 
~J 
Y .. = ;,,2:{ 
~J 
(2.5) 
Similar equations may be derived for mass points near the 
fixed edge or on the boundary, and would include terms 
representing the flexural and extensional stiffnesses of 
the frame. The equations for a boundary mass point are 
shown symbolically in Fig. 2.4. 
2.5 The Analytical Model 
If mass pOints are arranged in a square grid, a 
one-story structure may be represented in either of the two 
ways as shown in Fig. 2.5. The first arrangement is simi-
lar to Mohraz's shell model by using the diagonal grid of 
mass points. Displacement components are defined in 
directions parallel to the boundaries of the structure. 
A disadvantage in computation of internal stresses and in 
additional programming arises from the necessity of con-
sidering different stiffnesses for stress pOints on the 
boundary and those in the interior. The second illustration 
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in the figure with the vertical grid arrangement of mass 
pOints as suggested by Harper (8), has the advantage of 
requiring only one type of stress point since all stress 
pOints representing the filler are removed from the 
boundary. Computation of internal stresses across a 
horizontal section of the model is facilitated for the 
latter case since a section contains only mass points. 
In the present study, the vertical-grid mass pOint 
arrangement has been used exclusively. 
The stress points are the deformable components 
of the model, and are considered to contain the entire 
strain energy in the deformed structural model. Three 
types of stress points are shown in Fig. 2.6. Flexural 
and extensional stress pOints represent the respective 
deformations of the frame, and the interior stress points 
represent the in~plane deformations of the filler. For 
the analysis of an elastic structure, it would be suffi-
cient "to consider the filler stress point as a deformable 
node without explicitly defining the manner of resistance. 
The node could simply be assigned extensional stiffnesses 
in two directions and a shear stiffness. Since the pre-
sent analysis attempts to treat cracking in the model, it 
will be convenient to depict the stress point as composed 
of a system of springs which will be modified to conform 
to the existence of a crack as the analysis proceeds. 
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Thus, the occurrence of cracking within the model struc-
ture is defined by a reconstitution of stress point 
springs in a manner to be explained in section 3.2. 
Frame stress pOints are idealized as flexural 
and extensional springs which represent the corresponding 
deformations in the frame. The flexural springs are 
located at the mass pOints as shown in Fig. 2.6, with the 
extensional springs contained in the space between mass 
pOints. Values for the frame stiffnesses which are used 
in equilibrium equations such as the ones represented in 
Fig. 2.4 are derived from the area and moment of inertia 
of the transformed section. The expressions are: 
Flexural stiffness, SF = 
(2.6) 
Extensional stiffness, SE = 
where Ef is the elastic modulus of the concrete in the 
frame, 
I is the moment of inertia of the transformed 
section, 
A is the area of the transformed section, 
A is the grid spacing in the model. 
The filler stress point is idealized as shown 
in Fig. 2.7. Three independent spring systems are con-
sidered to represent the two-dimensional state of stress 
i 
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in the wall. Two axial spring systems correspond to the 
two orthogonal stress components, while shear stresses 
are represented by the shear spring system. An axial 
spring system is shown to consist of two springs in series, 
whereas the shear spring system consists of four springs 
arranged in pin-wheel fashion around the stress block flAil. 
computation of forces within the analytical 
model is facilitated by defining explicit stiffnesses for 
the stress point spring systems. If the axial stiffness 
is denoted as SA, and the shear stiffness as SS, the 
equilibrium equations (2.4) yield: 
SA = 
SS = 
E h 
w 
2 2(1-\1 ) 
E h 
w 
2 4(1-v ) 
(2.7) 
where E ,\1 are the elastic modulus and Poisson's ratio for 
w 
the filler, and h is the filler thickness. These expres-
sions are valid for an elastic isotropic filler material, 
and correspond to the case of plane stress. 
Forces are computed from the displacements of 
the analytical model as: 
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F = SA [u. , - u, 2 ,] x ~J ~- J 
Fy = SA [Vi - lj +l - v. l' 1] (2.8) ~- J-
S = SS [ (I-v) (U i - lj +l - u. I' 1) ~- J-
-
(l+v) (v. , - v, 2') ] ~J ~- J 
where F , F , S are the two axial and the shear force 
x y 
components at a stress point, and u,v are displacements as 
defined in Fig. 2.7. 
The corresponding unit stresses (0 ,0 ,T) are 
x y 
expressed as follows: 
2F 
° 
x 
= I2Ah x 
2F 
a = 
----Y (2.9) Y /2Ah 
2S 
T = nAh 
In subsequent chapters, the stress conditions within the 
filler will be presented as the principal force components 
which are obtained directly from the analytical model. 
20 
3. METHOD OF SOLUTION 
3.1 General 
The appearance of cracking in frame and filler 
during the loading process decreases the stiffness of the 
structure. In terms of the analytical model, cracking was 
recognized by modification of the constituent spring 
systems. Criteria for determining the occurrence of 
cracking are described, and an explanation of the pro-
cedure employed to obtain the load-deflection is 
presented. 
3.2 Failure Criteria 
In order to reduce the number of failure possi-
bilities, simplifying assumptions were made regarding the 
behavior of the frame and filler. It was considered that 
these assumptions would not unduly mask the realistic 
behavior of the model. 
For the fr~e, it was assumed that flexural 
behavior during the early stages of loading would be 
sufficiently inhibited by the presence of the filler so 
that the possibility of attaining high bending moments to 
cause yielding in flexure could be discounted. Failure 
possibilities for the frame elements were thus restricted 
to cracking of the concrete as a result of extensional 
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deformation and subsequent yielding of the reinforcement. 
Compression failure in the frame elements was admitted as 
a failure possibility. 
The conditions for frame failure in tension were 
dictated by specifying limiting strains for cracking of 
the concrete and for the elastic limit of the reinforce-
mente Strain hardening in the reinforcement was not 
considered. Frame failure in compression was specified 
by a limiting compressive strain corresponding to the 
ultimate deformation of a tied column. 
Failure in the filler was determined.by limiting 
principal tensile and compressive stresses. According to 
the theory of principal stresses for continuous media, for 
every set of stress components (F
x
' Fy ' S) there exists a 
set of principal stresses (Fl, F2) which are oriented 
generally at some nonzero angle to the x-y coordinate 
system. In terms of the analytical model, the existence 
of principal stresses can be predicted on the basis of 
principal stress theory for continuous media even though 
the actual principal stresses do not occur within the 
model structure. For each set of stress components, F , 
x 
Fy ' S, Mohr1s stress circle was used to compute principal 
stresses and to determine the orientation of the principal 
axes. 
3.3 Modification of the Analytical Model to Recognize 
Localized Failure 
22 
Tension failure in the frame was considered to 
occur in two stages: initial cracking of the concrete, 
and yielding of the reinforcement. Cracked frame sec-
tions were assigned revised flexural and extensional 
stiffnesses which were similar to the expressions derived 
in section 2.5 for the uncracked section except that area 
and moment of inertia were determined from the reinforce-
ment alone. For frame sections in which the reinforcement 
had yielded, the reinforcement was assumed to have a flat-
top yield range and thus would maintain a constant load 
between the two corresponding mass points irrespective of 
the relative deformations between the mass pOints. The 
program deleted the extensional springs between the mass 
points containing a yielded section, and introduced 
appropriate load terms into the load vector to simulate 
the constant load effect of the yielded portion on the 
remaining structure. In this manner, the necessity of 
handling localized inelastic behavior in an otherwise 
linearly elastic structure was sidestepped with consider-
able advantage in programming simplicity. Compression 
failure in a frame element was handled by deleting the 
extensional spring system between the respective mass 
pOints. 
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In the case of failure occurring in the filler 
material, the constituent spring systems of the corre-
sponding stress points were deleted according to the type 
of failure, in a manner which deprived the model struc-
ture of resistance similar to that experienced by an 
actual structure with the same mode of failure. If an 
actual structure suffers localized failure in compression, 
it may be assumed that the filler in this region is exten-
sively fractured, and, discounting the possibility of sus-
taining further load through mechanical interlocking of 
the fractured portions, the material is locally incapable 
of sustaining load by membrane action. Therefore, in 
order to reproduce the same behavior for a compression 
failure in the model structure, both axial spring com-
ponents and the shear spring system were deleted from 
further participation. This is equivalent to introducing 
a IIhole" in the filler at the point of failure. 
A crack in the filler was assumed to have been 
caused by the principal tensile stress exceeding the 
tensile strength of the material. Considering the pos-
sible types of in-plane forces which could be carried by 
the filler in the vicinity of the crack as summarized in 
Fig. 3.1, it is seen from considerations of the statical 
equilibrium of the filler element with a crack that only 
two cases must be discounted: tensile force across the 
24 
crack, and shear force. On this basis, modification of 
the stress-point spring system for tensile cracking is 
dictated by the following rules. 
The shear spring system is unconditionally 
deleted, since shear capacity in the vicinity of the crack 
is considered to be nonexistent. The axial spring system 
closest to the direction of the principal tensile stress 
is deleted conditionally, and may be reintroduced at some 
later stage in the analysis to carry compression. Parti-
cipation of this spring in tension is not allowed. This 
feature corresponds to the possibility of a tensile crack 
closing up and carrying compression which could occur due 
to reorientation of the stresses within the filler. Ten-
sion and compression are admitted for the axial spring 
system in the perpendicular direction. In this manner, 
the model behavior conforms to the behavioral assumptions 
for a cracked filler element as summarized in Fig. 3.1. 
3.4 Method of Obtaining Load-Deflection Behavior from 
Analysis 
The decrease in the structural stiffness which 
is obtained in an actual solution with progressive crack-
ing was duplicated in the analytical model by a gradual 
depletion of the deformable elements with successive 
solutions. All deformable elements which remained in tbe 
I 
i 
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model were assumed to exhibit linearly elastic behavior. 
With respect to the computed load-deflection response of 
the structural model, instantaneous unloading was implied 
in order to allow modification of the structure to admit 
the new failure location prior to reloading for the sub-
sequent solution. 
To illustrate the method by which load-
deflection behavior has been obtained, Fig. 3.2 shows the 
response for a single-story structure with a filler modu-
Ius of 2,500,000 psi and 1.1 percent frame reinforcement. 
The same structure will be discussed in greater detail in 
the following chapter. 
The initial solution for the uncracked structure 
was obtained for influence loads of magnitude P. The 
initial set of generalized displacement components and the 
set of principal stresses within the filler are designed 
symbolically as c l and Fl respectively. The stiffness for 
the uncracked structure may be expressed as the value of 
P/~l where ~l is a characteristic displacement of the 
structure and may be determined from the appropriate com-
ponents of cl • The initial stiffness is shown in the 
figure as the slope of the line from the origin through 
the pOint I A'. 
For the particular structure under considera-
tion, first cracking was due to tensile cracking in the 
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filler. If the maximum value of the principal tensile 
stresses in the filler corresponding to the initial set of 
generalized displacement components c l and the influence 
loads P be designated as,~ [Fl,t J , and if the maximum 
tensile stress in the filler as determined on the basis of 
an arbitrary failure criterion be designated as F ,then 
max 
the load level corresponding to initial cracking is com-
puted by (P)(Fmax)/maX[Fl,tJ. This load is located on the 
initial slope as point lA', and becomes the initial pOint 
on the load-deflection plot. Subsequent pOints corre-
sponding to successive cracking in the structure are shown 
terminating the set of solid radial lines from the origin. 
The recursive nature of the analytical process 
may be generalized as follows. For a particular solution 
of the generalized displacements ck due to the invariant 
influence loads P, there exists a critical stress within 
~ the structure which is designated as ~[F J. From the 
maximum allowable value of the same stress which is imposed 
by 'the corresponding failure criterion, and which is desig-
nated as F ,the load level for failure is obtained by 
max 
- =1< (P)(Fmax)/max[F J. The stress pOint containing the value 
~[pkJ was modified according to the discussion in section 
3.3, equations were regenerated, and a new solution ck +l 
produced for the same influence loads P. Each computa-
tional cycle determines a structural stiffness, and a load 
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level for the particular failure pOint. A record of the 
failure locations is maintained so that at any stage of 
the analysis, the extent and the disposition of cracking 
is available. 
With reference to the solution presented in 
Fig. 3.2, the initial solution indicates that first crack-
ing occurs with a stiffness and at a load level as defined 
by pOint IAI. The next solution which occurs at a load 
level greater than that at 'A' is designated as pOint IB'. 
If the structure were loaded to level 'A', and if the load 
were increased by an infinitesimal amount, failures would 
be produced at the appropriate stress pOints for all the 
solutions which are shown between 'A' and 'B'. Load-
deflection behavior subsequent to IA' could be indicated by 
the light broken line in the figure, which is characterized 
by a flat-top portion extending from 'A' to the stiffness 
defined through the point 'B'. An increase in load would 
then be necessary to reach the failure load level of 'B'. 
Alternately, the same crack formation would have been 
obtained by assuming that the load-deflection behavior 
fOllowed the straight-line joining 'A' and IB' as shown by 
the heavy broken line in the figure. For simplicity, all 
subsequent computed load-deflection plots are shown for the 
latter assumption, and omit the stiffnesses and failure 
loads for the individual solutions as shown in Fig. 3.2. 
28 
4. ANALYTICAL RESULTS 
4.1 General 
Analytical results are presented for two basic 
structural types shown in Figures 4.1 and 4.2: single-
story and five-story structures. Experimental results 
are available for similar small-scale structures (II, 12) 
and will be compared with the analytical results in the 
following chapter. 
In all solutions presented in this chapter, each 
panel of the actual structure was represented .by mass 
points arranged in a 4x8 grid pattern which covered the 
area defined by the centerlines of the frame (Fig. 4.1). 
The model thus extended the actual filler a distance equal 
to half the depth of the bounding frame member. This 
minor discrepancy should have little effect on comparisons 
between computed and experimental behavior. 
The application of horizontal load was identical 
for the single- and the five-story structures; equal loads 
were applied to the quarter pOints in each beam. Details 
for the single-story structure loading are given in 
Fig. 4.-1. 
The effects on behavior of different relative 
stiffnesses between frame and filler were investigated by 
varying the filler modulus and the amount of frame 
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reinforcement. Table I presents the variables covered by 
the analytical solutions. In general, the single-story 
structure was investigated for the effect of variation in 
filler modulus, and the five-story structure, for varia-
tion in frame stiffness. Two additional solutions were 
included for the five-story structure to determine the 
effect of openings in the filler, and the addition of 
vertical load to the horizontal load system. Invariant 
quantities which are common to all solutions are listed 
in Table 2. 
For simplicity, the filler was assumed to be a 
linearly elastic isotropic medium with a Poisson's ratio 
equal to zero. This simplification for the behavior of a 
masonry filler may be justified in view of the nature of 
the desired results, where the determination of the over-
all structural behavior was deeded to be of prime impor-
tance. 
4.2 Uncracked Single-story structures 
In all analytical solutions, equal horizontal 
loads were applied to the quarter points in the beam. For 
present purposes, structural stiffness is defined as the 
ratio P/6l , where P is the total load on the structure, 
and 6 1 is the lateral deflection at the intersection of 
the center lines for the beam the tension column. 
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The effect of variation in filler stiffness on 
structural stiffness is discussed with reference to Fig. 
4.3. Since all solutions were performed with the same 
magnitude of P, the deflection ~l is representative of the 
stiffness of the structure. For a structure with invar-
iant frame properties, values of ~l are shown for the 
range of filler moduli from 200,000 to 7,000,000 pSi. The 
scale on the right-hand side of the figure relates the 
deflections of filled frames to the deflection of a frame 
without a filler. 
Low values of filler modulus may be expected in 
masonry fillers as a result of such factors as poor work-
manship, thick jOints, and certain types of mortars. 
Analyses indicate that the inclusion of a filler with a 
very low modulus has a substantial effect on increasing 
the structural stiffness. For the lowest value shown- in 
Fig. 4.3, the lateral displacement ~l was reduced to 
approximately 36 percent of the deflection for a com-
parable frame without a filler. 
The effect of filler stiffness on the deflected 
shape of the tension column is shown in Fig. 4.4 for the 
two extreme values of filler moduli: 200,000 and 
7,000,000 psi, and for the frame without filler. For 
purposes of direct comparisons, the deflection mode shapes 
are presented as percentages of the respective values 
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of 61 • Flexural analysis of the unfilled frame yields a 
higher column moment at the base than at the junction with 
the beam, and thus produces the pronounced curvature in 
the lower portion. Inclusion of a filler indicates that 
column curvatures are reduced, and thus flexural deforrna-
tion of the frame is inhibited. 
Horizontal loads applied to the beam require 
shear and overturning moment to be resisted by the frarne-
filler composite across the base of the structure. The 
base shear is distributed between frame and filler as 
shown in Fig. 4.5. For the case of an unfilled frame, as 
represented by a filler modulus equal to zero, the frame 
alone must resist the total applied shear. Introducing a 
filler shows that the portion of the total shear carried 
by the frame is sharply reduced, but that the reduction 
occurs at a lesser rate than the corresponding reduction 
in structural stiffness as shown in Fig. 4.3. 
The resisting moment at the base of the struc-
ture consists of three components: base moments in the 
columns, the couple provided by axial loads in the columns, 
and the resultant couple due to forces normal to the base 
of the filler. For various filler moduli, Fig. 4.6 shows 
the relative values of these three components expressed as 
percentages of the total resisting moment. The figure is 
divided by two curves into three areas which correspond to 
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the three components. The lower curve representing base 
moments in the columns is plotted with respect to the left-
side ordinate scale, whereas the upper curve, which repre-
sents the resisting couple from axial loads in the columns, 
is plotted for the right-side ordinate scale. The central 
region between the two curves thus represents the resisting 
moment as provided by normal forces in the filler. For a 
given value of filler modulus (abscissa), the ordinates to 
the curves define the contribution of the three components 
in resisting the overturning moment. 
In an unfilled frame, the resisting moment was 
provided by the combination of column base moments and the 
axial load couple. Figure 4.6 shows that the base moments 
account for 63 percent of the total resisting moment. For 
values of filler modulus increasing from zero to 1,000,000 
psi, the contribution of. the base moments decreased rapidly 
and continued to decrease for values above 1,000,000 psi 
but at a lower rate. The axial-load couple increased 
rapidly for low values of filler modulus and attained a 
maximum at approximately 600,000 psi. The resisting moment 
in the filler increased rapidly for values belOW 1,000,000 
psi and thereafter continued to increase at virtually a 
constant rate. 
In general, the effect of introducing a filler 
into a single-story structure served to suppress the 
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flexural behavior of the frame and to increase the axial 
force in the columns. Except for the very low values of 
filler modulus, the resisting moment in the frame was 
mainly provided by the axial load component. For the 
range of filler moduli which were considered, the total 
resisting moment in the frame exceeded that of the filler. 
Base shear and resisting moment in the filler increased at 
the higher values of filler modulus. 
The effect of varying the filler modulus on 
the state of stress within the filler is discussed with 
reference to Fig. 4.7. stress concentrations were 
obtained in two general regions as indicated by the loca-
tions of stress pOints numbered 1, 9, and 30. Maximum 
principal tensile stresses at the three stress points are 
plotted with variation in the filler modulus. The largest 
stress at a given value of filler modulus determines the 
location of the initial crack and the actual cracking load. 
A rigorous application of the failure criterion 
requires that a fine distinction be made between stresses 
in determining the location of initial cracking. For 
values of filler modulus below approximately 3,300,000 pSi, 
the difference in stress levels between pOints 9 and 30 is 
slight - generally less than one percent. In a narrow 
range at 3,000,000 psi and for all values below 800,000 
psi, cracking occurs at stress point 30: othe.rwise stress 
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point 9 governs. Above 3,300,000 psi, there is a definite 
divergence in stress levels at the three points, and 
cracking initiates at pOint 1. 
4.3 Behavior of Single-Story Structures with 1.1 Percent 
Reinforcement 
The computed load-deflection response and the 
associated crack development is presented for two values 
of filler modulus: 2,500,000 and 2,800,000 psi which are 
designated as solutions 11 and 12 in Table 1. The above 
solutions were chosen to illustrate the formation of two 
different crack configurations which were characteristic 
of all single-story solutions. A comprehensive evaluation 
of the effect of filler modulus on behavior is deferred to 
the following section. 
Figur-e 4.8 summarizes the symbols which are 
encountered in all subsequent figures showing crack 
development. The chronological development of cracking 
for the two solutions is presented in Fig. 4.9. The 
numerals in the illustrations at the top of the figure 
indicate the sequence of the initial crack formations The 
lowest illustration in each column shows the fully-devel-
oped crack configuration at ultimate. 
In solution 11, the initial crack progressed 
laterally along the base of the filler toward the 
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compression column and upward along the edge of the tension 
column. This type of crack was obtained in many of the 
following solutions and will be referred to as the 
'bottom crack'. In solution 12, the initial crack 
progressed laterally along the top of the filler toward 
the tension column and downward along the edge of the 
compression column with a short diagonal segment bypassing 
the corner. This type of crack will be referred to as 
the 'top crack'. 
The load-deflection curves for these two solu-
tions are shown in Fig. 4.10. Two sets of scales are 
provided - one set for the full-size structure which was 
used in the analysis, and the other for the one-eighth 
scale model structure which was used in the experiments. 
For the latter case, the load scale (ordinate) is 1/64 
times the ordinate for the full-size structure, and the 
deflection (abscissa) is 1/8 times the deflection abscissa 
for the full-size structure. 
Points 'A' denote the initiation of cracking and 
define the stiffness of the uncracked structure. struc-
tural stiffnesses corresponding to the stage at which the 
initial top or bottom cracks have been fully developed 
are labelled as pOints 'B'. The stiffness of the struc-
ture with the top crack (solution 11) is shown to b'e less 
than the structure with bottom crack. The reasons for 
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this difference may be explained by considering the 
possible mode of resistance which is afforded by the 
uncracked portion of the filler. With both types of crack 
configurations, the filler is approximately equally 
effective in resisting lateral displacement of the ten-
sion column which is subjected to high shear at the 
upper end. The difference lies in the degree to which the 
filler stiffens the knee frame consisting of the beam and 
the compression column. For the structure with the bottom 
crack, the knee frame is effectively stiffened by the 
entire filler, whereas the structure with the top crack 
contains a relatively more flexible knee frame which has 
been separated from the major portion of the filler. 
Ultimate load in both solutions was attained 
with initial yielding of the reinforcement in the tension 
·column. At this stage, cracking had progressed across the 
base of the filler and thus had eliminated the remaining 
tensile component for resisting the overturning moment. 
The preceding discussion of load-deflection 
behavior and crack formation neglected the possibility 
of failure in the frame by shear. This failure mode was 
not programmed into the solution, but was checked inde-
pendently using the print-out of stresses and displacements. 
Due to the existing imprecise knowledge regarding the 
behavior of reinforced concrete members subjected to 
I i . 
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combined axial load and shear, conditions for failure were 
assumed based on the following reasoning. Since the 
presence of compressive axial load at a section carrying 
shear serves to increase the shear failure load, and since 
the presence of tensile axial load is detrimental to the 
shear capacity, a shear failure envelope was assumed as 
shown in Fig. 4.11. The failure strength of the section 
in pure shear was based on experimental studies of beams 
without shear reinforcement, and was computed as 6/f'c 
times the gross area of the cross section, where fl is 
c 
the compressive strength of the concrete in the frame 
expressed in units of pounds per square inch. The crack-
ing strength in pure tension was computed from the tensile 
strength of the transformed area of the cross section. 
Figure 4.11 shows a linear variation for the tension-
shear failure envelope although a convex curve could be 
admitted for this portion. In view of the uncertainties 
implicit in the assumptions of shear failure, the failure 
envelope of Fig. 4.11 can only be taken as a guide in 
indicating the possibility of imminent shear failure in 
the frame. 
With full development of the initial crack as 
represented by points 'B' in Fig. 4.10, a check on shear 
conditions in the frame indicated that critical points 
occurred in both solutions in the uppermost segment of the 
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tension column. Fig. 4.12 presents the shear and axial 
load conditions at this location for both solutions in 
relation to the assumed failure envelope. If shear failure 
should occur at this location, the subsequent failure would 
be entirely different from that produced by the analytical 
solution. It could then be expected that the large shear 
carried by the tension column would be transferred to the 
compression side of the structure and· would cause failure 
in the compression column by shear or by flexural hinging. 
4.4 Behavior of Single-Story Structures with 2.2 Percent 
Reinforcement 
The effect of a wide variation in filler modulus 
on the behavior of a structure with invariant frame pro-
perties is considered in the present section. Solutions 
numbered 13 through 17 as summarized in Table 1 were 
obtained for values of filler modulus between 200,000 and 
4,500,000 psi which were considered to be representative 
bounds for low and high quality masonry fillers. 
The computed load-deflection curves are shown 
in Fig. 4.13 barring the possibility of tension column 
shear failure which was discussed in the previous section. 
In all solutions, the ultimate load was reached with 
yielding of the reinforcement in the tension column. 
Solutions 14 through 17 attained virtually the same level 
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of ultimate load whereas the ultimate value from solution 
13 was approximately 85 percent below this value. Thus it 
is concluded that single-story structures will attain 
approximately the same level of ultimate load for widely 
varying values of filler modulus. This statement must be 
qualified for extremely low values of filler modulus (viz. 
solution 13 with 200,000 psi), and for the possibility of 
shear failure in the tension column. 
Crack formation for solutions 14 through 17 are 
presented in Figures 4.14 and 4.15. Solutions 14 and 16 
initially produced the characteristic top crack whereas 
solutions 15 and 17 produced the bottom crack. These 
initial crack configurations are dependent on the loca-
tion of the stress pOint at which the initial failure 
occurs, which may be determined from the corresponding 
value of filler modulus in Fig. 4.7. At ultimate, crack-
ing produced an essentially intact diagonal within the 
filler, and thus had reduced the behavior of the filler 
to a compression strut. 
Since the structures with the higher values of 
filler modulus have correspondingly higher filler stresses, 
the amount of filler cracking is directly related to the 
value of the filler modulus. Solution 17 exhibited com-
pression failures within the filler at ultimate which 
attested to the high filler stresses in this structure. 
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All solutions showed cracking in the tension column 
throughout the lowest three segments with yielding of the 
reinforcement occurring in the lowest segment. 
The conditions for shear failure in the tension 
column with formation of the initial crack as discussed in 
the previous section are also pertinent to the current 
solutions. Figure 4.16 shows the shear and axial load con-
ditions from solutions 14 through 17 as compared with the 
assumed failure envelope. 
Stress conditions within the filler are altered 
as cracking is developed, and indicate the mode of resis-
tance within the filler at any stage of the analysis. 
Since the computed crack patterns have indicated that two 
basic initial crack configurations may be expected in 
single-story structures, the stress conditions within the 
filler, before and after the development of the initial 
cracks, will be examined. 
Figure 4.17 shows the principal compressive 
stresses from solution 16 for the uncracked structure as 
the set of inclined bars which are centered at the stress 
point locations in the filler and are oriented to corre~ 
spond to the principal stress directions. The bar lengths 
are drawn to a force scale and indicate the magnitude of 
the principal stress at the corresponding stress point. 
For purposes of comparison, the stresses in this and the 
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following figures are shown for the same influence value 
of applied load. 
The principal compressive stress field in the 
uncracked filler consists of relatively uniform values 
inclined to the horizontal at approximately 45 degrees. 
Due to symmetrical conditions of loading and structural 
geometry, the corresponding principal tensile stress field 
is a mirror image of the principal compressive stress 
field. 
stress conditions existing in the filler after 
formation of the top crack are shown in Figures 4.18 and 
4.19. The shaded areas indicate the stress pOints'at 
which previous tensile failures have occurred, and thus 
define the extent of cracking at this stage of the 
analysis. The constituent spring systems within these 
stress points have been modified according to the discus-
sion of section 3.3: shear springs and the tensile axial 
springs have been deleted while the compressive axial, 
springs have been retained. 
Figure 4.18 shows compressive forces transmitted 
between the beam and the uncracked portion of the filler 
with a concentration of stress occurring across the crack 
near the tension column. In general, the existence of the 
top crack has increased the magnitudes of the principal 
compressive stresses within the uncracked portion of the 
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filler, and has realigned these stresses to reflect the 
pinching effect which is created by the containment of the 
filler between the base and the tension column. Figure 
4.19 illustrates the effect of the top crack in drasti-
cally reducing the magnitudes and the extent of the 
principal tensile stresses within the uncracked portion 
of the filler. 
A similar stress redistribution with a predomi-
nant principal compressive stress field is observed for a 
structure with a bottom crack (Fig. 4.20). The corre-
sponding principal tensile stresses within the uncracked 
filler are concentrated immediately below the beam 
(Fig. 4.21). 
4.5 Behavior of Five-Story structures 
Three solutions were obtained to determine the 
effect of variation in the amount of frame reinforcement 
on behavior of five-story structures. Table 1 contains 
the pertinent quantities for these solutions which are 
numbered 51, 52, and 53. 
Since it was expected that the cracking zone in 
a multi-story structure would be confined mainly to the 
lower stories, a saving in computation time was realized 
by analyzing a truncated version of the actual structure. 
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All. five-story structures as reported herein were analyzed 
as equivalent two-story structures. 
To assure that the state of stress within the 
filler of the replacement structure would conform to that 
existing in the two lowest stories of the original struc-
ture, an auxiliary load system was introduced in addition 
to the usual quarter pOint beam loads. Details of the 
analytical models corresponding to both structures and the 
auxiliary load system are shown in Fig. 4.22. 
The auxiliary loads were applied to the top row 
of mass pOints in the replacement structure as .the equi-
valent set of forces which exist across the horizontal 
section at the second story level in the five-story model. 
These loads are shown in Fig. 4.22 as shears and normal 
forces, and correspond to the respective unit stress dis-
tributions as obtained from elementary beam theory. 
The computed load-deflection behavior for solu-
tions 51, 52, and 53 is presented in Fig. 4.23. In all 
cases, the ultimate load was attained with initial yield-
ing of the reinforcement in the tension column. The 
lateral displacement of the tension column at the second 
story level (~2) was used as the characteristic deflec-
tion in all plots of load-deflection behavior of five-
story structures. 
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Figures 4.24, 4.25, and 4.26 show the crack 
development for the above solutions. It is to be under-
stood that crack formations as obtained from the two-story 
analytical model are assumed to correspond to those 
expected in the two lowest stories of five-story struc-
tures. 
structures with lesser amounts of frame rein-
forcement would be expected to exhibit more extensive 
filler cracking at ultimate since the filler is the rela-
tively stiffer element and carries the greater portion of 
the load. This was verified for the two solutions with 
the highest amounts of reinforcement (solutions 52 and 
53). Solution 51 with the lowest amount of frame rein-
forcement did not follow this trend since yielding 
occurred in the tension column prior to full development 
of cracking within the filler. 
The effect of cracking in frame and filler on 
the lateral displacements of the structure will be dis-
cussed with reference to solution 53. Deflection mode 
shapes as obtained from the two-story analytical model are 
shown in Figures 4.27 and 4.28 for the tension and com-
pression columns at five stages of loading which are 
numbered according to the sequence of cracking {Fig. 14.26). 
For purposes of comparison, both figures include the 
deflected shapes corresponding to beam "theory 
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deflections as computed on the separate bases of pure 
flexure and pure shear. 
The tension and compression columns have identi-
cal deflections for the uncracked structure (crack 'I'), 
and indicate a predominantly flexural type of mode shape. 
At crack '25', cracks occur in both filler panels and in 
the three upper segments of the first story tension column. 
The tension and compression columns show flexural behavior 
as indicated by the reversed curvatures occurring within 
each story_ In the remaining three load stages, the 
deflection modes for both columns tend toward the pure 
flexural type, and indicate increased flexural behavior 
in the frame. 
To illustrate the mode of resistance within the 
filler, the distribution of principal stresses before and 
after cracking is presented for solution 52. The follow-
ing figures show stresses in the two lowest stories and 
indicate stress magnitudes by scaled bar lengths similar 
to the method used in Fig. 4.17 for the single-story 
structure. The initial "principal compressive stress 
distribution (Fig. 4.29) corresponds to the state of 
stress which is assumed in elementary beam theory. Varia-
tion of normal stress across a horizontal section is 
essentially linear and symmetrical about the center line 
of the structure. The principal tensile stress 
46 
distribution is a mirror image of the compressive stresses 
shown in Fig. 4.29. With cracking in the filler as shown 
by the shaded areas in Figures 4.30 and 4.31, the principal 
compressive stress field dominates the resistance within 
the filler. The panels tend to act as compression struts 
within the concrete framework with a minimal contribution 
of the tensile stress field to the mode of resistance. 
post-cracking behavior of the filler is similar to that 
observed in the single-story analyses. 
Shears, axial loads, and bending moments in the 
frame were checked at various stages in the analyses to 
verify the assumption that extension deformation was the 
sole basis for frame failure. Stress conditions in the 
beams were generally found to be subcritical with respect 
to all modes of failure, and thus justified neglecting 
beam failure in the analysis. Forces in the first-story 
columns were examined in terms of the interaction between 
axial load and shear, and axial load and bending moment. 
In the single-story structures, the axial load-
shear conditions in the tension column were critical after 
formation of the initial crack (Figures 4.12 and 4.14). 
Shear force at the top of the tension column was approxi-
mately 60 percent of the axial load, and indicated that 
the assumed extensional failure criterion was unrealistic 
for the single-story structures. This drawback was 
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rectified by recognizing that localized failure of the 
tension column due to the effect of shear would cause 
failure of the entire structure with the transfer of load 
to the compression column. The analogous conditions were 
checked in the first-story columns for the five-story 
analyses. In general, very low shear-axial load ratios 
were obtained which justified the applicability of the 
extensional frame failure criterion. Figure 4.32 shows a 
typical shear-axial load condition in the top segment of 
the first-story tension column after formation of the 
initial crack. 
The axial load-bending moment relationship at 
the base of the compression column is shown in Fig. 4.33 
for solution 53. Initial increase of bending moment with 
increasing axial load was very small since the filler was 
uncracked in this range and the entire structure behaved 
predominantly as a cantilevered beam. With appearance of 
cracking in the tension column and within the filler, 
bending moment in the compression column increased at a 
relatively constant level of axial load. With cracking 
completed in the two lowest stories of the tension column, 
the increase of bending moment with axial load in the 
compression column continued approximately at a constant 
rate up to the ultimate load. Comparison of the axial 
load-moment curve in Fig. 4.33 with the ultimate interaction 
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diagram for the frame cross section is shown in Fig. 4.34, 
and indicates the extent to which flexural behavior occurs 
in the frame. 
An indication of the effectiveness of the filler 
as a load resisting element at ultimate may be illustrated 
by considering the behavior of a similar five-story in-
filled frame which has the filler omitted in the lowest 
story_ A 'cantilever· analysis of this partially filled 
structure would assume that the first-story columns resist 
the overturning moment by axial load alone. A 'portal' 
analysis would assume resistance by bending moment and 
axial load. The respective theoretical values of axial 
load and bending moment which would re required at the 
base of the first-story columns are shown in Fig. 4.33 for 
the same ultimate load as the completely filled frame. The 
values of ultimate axial load and bending moment from the 
solution of the completely filled frame indicate that the 
presence of the filler in the lowest story tends to force 
a predominantly 'cantilever' type of behavior for the 
frame. 
In contrast to the preceding discussion of com-
pression column behavior for solution 53, the analysis of 
the frame with a lower amount of frame reinforcement (solu-
tion 52) indicates that flexure is the dominant mode of 
resistance in the frame (Fig. 4.35). The reasons for this 
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difference may be seen from the effect of the respective 
crack locations tn the first-story filler panel on the 
manner in which the resisting moment is developed across 
the base of the structure. For solution 52, cracking 
occurred along the base of the filler (Fig. 4.25), and 
elnninate::1 the possibility of developing tensile resistance 
normal to the filler base. As a result, the compressive 
forces normal to the base of the filler and the force in 
the compression column which were required to balance the 
force in the tension column, were small. Therefore, the 
major resisting moment was provided by the bending moment 
in the base of the compression column. In the cracked 
region of the structure, the frame was thus constrained to 
act predominantly in a flexural mode which corresponds to 
the 'portal' type of behavior. 
For solution 53, the base crack in the filler 
was located away from the support and allowed tensile 
forces to be developed across the base of the filler 
(Fig. 4.26). A relatively higher axial load was developed 
in the compression column to balance the resultant tensile 
forces across the base. Thus, the resisting moment across 
the base was provided mainly through the normal forces in 
the filler and axial load in the frame~ with the resulting 
high axial load to moment ratio at the base of the com-
pression column. 
4.6 Behavior of a Five-Story Structure with Vertical 
Loading 
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A single solution was produced for the five-story 
structure with a vertical load component in addition to the 
horizontal loading system and is designated as solution 54 
in Table 1. Vertical load was uniformly distributed in 
each beam with the total vertical load equal to twice the 
total horizontal load. Due to the formulation of the 
analytical process where the individual solutions are pro-
duced for the same set of influence loads, it was necessary 
to maintain a constant vertical-to-horizontal load ratio 
throughout the analysis. 
Similar to the procedure employed in the analysis 
of five-story structures with horizontal loads alone, a 
single solution was performed for the entire five-story 
structure subjected to horizontal and vertical loads. From 
this solution, the auxiliary load system was determined and 
was applied to the replacement two-story structure in the 
actual analysis. Load-deflection response and crack forma-
tion is shown in Figs. 4.36 and 4.37. 
With reference to the response of the same 
structure without the vertical load component (solution 
52), initial crack formation is the same in both cases: 
laterally along the base of the filler in both panels and 
vertically at the interface between the filler and the 
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tension column. In solution 52, the initial crack formed 
instantaneously upon reaching the initial cracking load of 
130 kips whereas, in solution 54, several increases of 
horizontal load were necessary to attain the same extent 
of filler cracking. In the latter case, cracking of the 
tension column occurred simultaneously with the formation 
of the initial filler crack. 
The resistance of the structure after yielding of 
the tension column reinforcement may be generalized by con~ 
sidering the statical force equilibrium of a free body as 
shown in Fig. 4.38. At this advanced stage of cracking, 
the filler has separated from the base and the tension 
column. Thus, in addition to moments and forces at the 
base of the compression column, the free body is subjected 
to three force systems whose resultants are shown in the 
figure. The tension column force is equal to A f where 
s y 
AS is the area of reinforcement and fy is the yield 
strength. The resultants of horizontal and vertical load 
components are Po and aPo. Panel dimensions are H x SHe 
The number of stories is n. 
The expression for statical equilibrium about 
the base of the compression column (neglecting compression 
column moment) is: 
( n+l) = 2 HPo (4.1) 
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which reduces to: 
2S A f 
s y 
(n+l-aS) (4.2) 
From equation 4.2, the horizontal load Po for 
the structural'properties of solution 54 (see Table 2) is 
given by: 
Po = 2(2)(12.3)(42) = 1034 kips (5 + 1 - 2(2» 
This value is a reasonable estimate of the ultimate load 
as obtained from the analysis (Fig. 4.36). For a similar 
structure without vertical load (a:O), equation 4.2 gives 
p = 345 kips which agrees with the ultimate load for 
o 
solution 52 in Fig. 4.36. 
On the basis of these two calculations, equa-
tioD 4.2 may be assumed to provide a reasonable estimate 
of the ultimate horizontal load capacity for single-bay 
multi-story structures with or without the presence of 
vertical loads. 
A limitation in the applicability of this equa-
tion arises from the assumption that the centroid of the 
compressive fraces across the base of the filler is located 
at the compression column. In actual structures, it is 
reasonable to expect that the centroid may be located with-
in the filler and thus would invalidate the equilibrium 
statement of equation 4.1. 
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solution 53 would yield 690 kips whereas the analysis 
(Fig. 4.23) predicted an ultimate horizontal load of 501 
kips. Direct use of equation 4.2 would be unconservative 
in this case. 
The computation of ultimate load must also 
recognize the possibility of shear failure at the base of 
the compression column. In this region, the column is 
stiffened by the filler and would be expected to fail in 
direct shear. Determination of the load level for this 
mode of failure is complicated by the existence of axial 
load and bending moment. 
4.7 Behavior of a Five-story structure with Filler 
Openings 
Analysis of the five-story structure with filler 
openings was performed with the same formulation which was 
used for structures with solid fillers, and is deSignated 
as solution 55 in Table 1. The structure was initialized 
to admit filler openings by designating the appropriate 
stress pOints as locations of compression failure. This 
procedure effectively eliminated these stress pOints from 
subsequent participation in resisting load. 
Openings were introduced into both stories of the 
replacement structure. Figures 4.39 and 4.40 show the 
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locations of the openings and the principal compressive 
r and tensile stresses for the initial uncracked solution. 
, 
The stresses correspond to the same influence value of 
applied horizontal load which resulted in the principal 
1 
J compressive stress distribution for the structure with 
solid filler panels as shown in Fig. 4.29. Thus, the 
I relative stress magnitudes in these three figures are 
r 
d~rectly comparable. 
The introduction of the relatively large openings 
f in the tension side of the structure created compressive 
and tensile stress concentrations due to the necessary 
J rerouting of the stress trajectories to bypass the open-
ings. The principal tensile stress field is apparently 
I as effective as the principal compressive stress field at 
l this stage of loading. Tensile and compressive stresses 
were comparable in magnitude. This behavior is contrasted 
1 ; j with the greatly reduced principal tensile stress fields 
(in relation to compressive stresses) which developed in 
I structures with cracks at the edges of the filler panels. 
I Figure 4.41 presents a comparison of load-deflection response for the initial stages of loading 
J between structures with and without filler openings (solu-
tions 55 and 52 respectively). Due to the stress concen-
I trations within the filler with openings, initial cracking 
I occurred at a lower load level. For the range of loading 
I 
I 
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shown in the figure, the particular opening size con-
sidered had a minor effect on the energy absorption 
capability of the structure, and produced a response 
which would be expected from a structure with solid 
filler panels. 
1 
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5.. COMPARISON OF COMPUTED AND OBSERVED BEHAVIOR 
5.1 General 
t ~ The prime objective of this chapter is to corre-
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late the results of analysis and experiment in order to 
demonstrate the degree to which the analytical solutions 
reproduce behavior as determined-from tests, and to verify 
the assumptions which were necessary in the formulation of 
the analytical scheme. Comparisons are presented between 
computed and eX"Ferimental load-deflection response and 
cracking in the frame and filler. Sources for the experi-
mental results were a series of tests carried out at the 
University of Illinois by Yorulmaz (11) and Fiorato (12). 
In evaluating the corres{;()ndence between computed 
and experimental results, allowance must be made for condi-
tions which were present in the test specimens and which 
were difficult to incorporate into the analysis. These 
include such factors as imperfections of fit between frame 
and filler, variability of masonry properties due to 
inconsistent workmanship, and residual stresses caused by 
differential shrinkage between frame and filler. 
5.2 Single-story structures 
The available experimental results which are 
used in the following comparisons consist of Yorulmaz·s six 
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tests on single-story structures with frame reinforcement 
of 1.1 and 2.2 p~rcent, and one test by Fiorato of a 
single-panel frame with 1.1 percent reinforcement. The 
latter test was performed on the uppermost panel of a 
five-story structure which had been previously loaded to 
failure and, thus, had support conditions which differed 
from Yorulmaz' tests. 
Load-deflection curves for the two values of 
frame reinforcement are shown in Figures 5.1 and 5.2. The 
computed behavior, as shown, neglects the possibility of 
shear failure in the tension column which was discussed in 
the previous chapter. If shear failure should occur after 
formation of the initial crack, which is deSignated as 
point 'A' in both figures, the subsequent computed behav-
ior would be expected to maintain the load level of lA' 
and develop large undetermined displacements with the 
formation of a failure mechanism in the portion contained 
by the beam and the compression column. 
In Fig. 5.1, comparison of the initial stiff-
nesses from tests shows excellent agreement with the com-
puted value for Yorulmazls test F3 and Fiorato's top-
story test. The initial stiffnesses for tests F7 and F8 
are shown.to be much higher, which can be explained by 
the possible insensitivity in the deflection gages at 
low displacements. In Fig. 5.2, exceLlent agreement is 
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observed for test F5, with the other two test values 
occurring to either side of the computed slope. Since the 
computed behavior in both figures was obtained for a filler 
modulus of 2,500,000 psi, the tests verified that the 
choice of this value was reasonable. 
Considering the location of initial cracking, all 
tests showed the characteristic 'top crack' to occur first, 
which is contrary to the initial crack location for the 
computed plots. However, from the discussion of the 
effect of a change in filler modulus on the initial crack 
location which was presented in the preceding chapter, it 
is seen that, for the cases of 1.1 and 2.2 percent rein-
forcement, filler moduli of 2,800,000 and 3,100,000 psi 
respectively would have produced the top crack without 
significantly altering the load-deflection curve. In 
view of the uncertainty of the values for the filler 
moduli at the time of testing, it may be concluded that 
the analytical solution affords a reliable means of pre-
dicting the location and the initial crack in the filler. 
Since all of Yorulmaz's tests as shown in Fig. 
5.1 exhibited failure in the frame, after initial crack-
ing in the filler, either through shear in the tension 
column or by developing an extensional hinge at one of the 
load points in the beam, the ultimate load corresponding 
to pOint lA' shows good agreement with tests F7 and F8. 
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Fiorato's top-story test (Fig. 5.1) did not 
exhibit frame failure after initial cracking is in 
Yorulmaz's tests. Full development of the top crack was 
followed by development of the bottom crack concurrent 
with cracking of the tension column, This test" thus 
verified the possibility of obtaining the computed behavior 
shown subsequent to pOints 'At in Figures 5.1 and 5.2. 
5.3 Five-storv Stru(;tures 
The source for the e~?erimental results are four 
tests by Fiorato on structures ~iith 1.1 and 2.2 percent 
frame reinforcement. The tests are designated as FFIB, 
FFIC, FF2B, and FF2C where the numerals refer to the per-
centage of reinforcement. 
Since the analysis of five-story structures was 
obtained with two-story replaceme))t structures, compari-
sons between corr,.t?uted and experimE~ntal load-deflection 
response are presented in terms of the tension column 
displacement at the second-story level and the total 
horizontal load on the five-story structure. 
Figure 5.3 compares the co.tnputed and experi-
mental load-deflection plots for st~:~tures with 1.1 per-
cent reinforcement. The plot for FF1~ is shown with the 
initial portion omitted since no meas11rements were 
recorded for this range. 
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The major discrepancy between predicted and 
observed behavior. is indicated for the location and the 
load level at which initial cracking occurs. Analysis 
predicted initial cracking in the filler at a load level 
of 124 kips, whereas test FFIB produced initial cracking 
in the tension column at an equivalent load of 51 kips. 
Corresponding to the 51 kips load, a maximum 
flexural unit stress of 85 psi was computed at the base 
of the structure on the basis of elementary beam theory 
and the assumption of an uncracked cross section, which 
consisted of the columns as flanges and the filler as the 
web. In view of the tensile strength which could be 
expected from the high quality concrete used in the test 
specimens, initial cracking in the column cannot be justi-
fied solely on the basis of the computed unit stress of 
85 psi. Since simple beam theory and the assumption of an 
uncracked section yields an unreasonably low stress in the 
tension column at initial cracking, the influence of 
extraneous factors on the behavior of the test specimen is 
indicated. 
The assumption of an uncracked section is suspect 
due to the possibility that cracking could have been caused 
by lifting the structure from the casting bed and during 
erection in the test frame. The mortar joint between the 
frame and filler would be particularly vulnerable to 
r 
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separation due to the smooth concrete surface. Visual 
inspection of the. structure after erection did not reveal 
cracking: however, the existence of discontinuities on this 
basis is inconclusive. 
The possibility of differential shrinkage in a 
structure composed of two dissimilar materials such as 
concrete and masonry would tend to create residual tensile 
stresses in the columns and balancing compressive stresses 
in the filler. Due to thin mortar jOints in the filler, 
it can be expected that shrinkage of the filler would be 
very small or nonexistent, whereas shrinkage of, the con-
crete frame would be relatively significant. Shrinkage 
effects are more pronounced in small-scale specimens on 
account of the rapid loss of moisture which can occur 
after curing has stopped. 
During fabrication, the five-story structure was 
subjected to two periods of curing. The first period fol-
lowed casting of the frame and lasted for five days. After 
the filler was in place, the structure was cured for one 
day. Following the second curing period, the structure 
was left exposed until the time of testing. Of the four 
structures tested, the shortest duration of the latter 
exposure period was 18 days, which allowed ample time for 
shrinkage effects to be set up. 
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A precise quantitative evaluation of residual 
stresses is beyond the scope of this study since it 
involves a timewise interrelationship of shrinkage with 
creep. Simplified calculations will suffice to indicate 
the magnitude of the stresses which may be expected in 
actual single- or five-story structures. 
Shrinkage was considered to occur in a direction 
parallel to the columns and to produce a uniaxial state of 
stress. The particular structure for which the following 
stresses were obtained corresponded to solution 51. Creep 
of the concrete in the frame was tacitly recognized by 
substituting a reduced value for the elastic modulus of 
2,000,000 pSi. 
Assuming a free shrinkage unit strain of 0.0005 
for the frame concrete and no shrinkage for the filler 
material, the following stress values were computed. 
Stress in the concrete: 680 psi (tension) 
Stress in the filler: 400 psi (compression) 
Stress in the reinforcement: 4750 psi (compression) 
With the additional assumption that filler shrinkage was 
~ of the concrete shrinkage, the corresponding stresses 
were obtained as: 530, 280, 7100 psi. 
The quantities listed above are, at best, crude 
approximations to the stresses caused by shrinkage in the 
concrete. However, they do indicate that the apparent 
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tensile strength of the concrete in the frame could have 
been reduced to tne low level implied by the test results. 
Cracking in tests FFIB and FFIC (Fig. 5.4, 5.5) 
was contained mainly in the two lowest stories and justi-
fied the use of the .. two-story method" of analysis. The 
best correlation with the predicted crack formation (Fig. 
4.24) was provided by test FFIB. It is difficult to 
assess the reasons for obtaining more extensive cracking 
and a higher ultimate load for test FFIC in comparison 
with FFIB or the predicted case. Variations in material 
properties (steel, concrete, masonry filler) are possible 
causes of these discrepancies. 
The load-deflection curves for frames wi.th 2.2 
percent reinforcement are compared with solution 52 in 
Fig. 5.6. At large deflections, the ultimate load obtained 
in the two tests approached the predicted value. The 
apparent stiffnesses of both specimens were less than pre-
dicted by analysis, and indicated that the material 
properties which were assumed for solution 52 did not 
correspond with the actual test conditions. 
An explanation for this discrepancy is presented 
with reference to Fig. 5.7 which shows the initial por-
tions of the same three curves of Fig. 5.6 and includes 
an additional curve from solution 56 which was produced 
with reduced values for the cracking strengths of the 
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concrete in the frame and the filler material. The 
deflections pred~cted by the latter solution generally 
exceed the experimental values which indicates that the 
reduction in material properties has been overestimated. 
In solution 56, the cracking strength of the frame was 
assumed to be one-third of the value used in solution 52, 
and similarly the filler cracking strength was reduced to 
two-thirds of the original value. 
These reductions were chosen to anticipate the 
effects of shrinkage on the behavior of the test specimens. 
Since shrinkage would create residual tensile stresses in 
the columns the reduction of the cracking strength for the 
frame members is reasonable. However, the corresponding 
residual compressive stresses in the filler would effec-
tively increase the filler cracking stress. Therefore, the 
response as predicted by solution 56 should not be assumed 
to reflect the behavior as affected by shrinkage stresses, 
but to indicate a trend toward increased structural flexi-
bility which is obtained by lowering the strength charac-
teristics in the analyses. 
A more realistic estimate of shrinkage effects 
may be obtained by conSidering an increase in the limiting 
value for filler cracking (150 to 200 psi) and a decrease 
for frame cracking (350 to 175 psi). Table 3 presents the 
computed loads which would cause cracking in frame and 
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filler for the single- and five-story structures. The 
lower value of the two loads for each case determines the 
location of the initial crack, and is shown underlined in 
the table. Cases 2 and 4 represent the effects of 
shrinkage. 
For the particular variations in the limits as 
chosen, shrinkage effects are shown to shift the initial 
crack location into the frame in the case of the five-
story structure, whereas initial cracking for the single-
story structure would still occur in the filler. Since 
this trend was observed in the tests, the preceding 
discussion serves to indicate that shrinkage could 
account for initial cracking in the frame for five-story 
structures and in the filler for the single-story struc-
tures. 
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6. SUMMARY 
6.1 Review 
The main objective of this study was to develop 
a procedure for the analysis of reinforced concrete frames 
with masonry filler walls subjected to in-plane forces. 
Determination of the load-deflection response was obtained 
for the entire range of loading up to ultimate. The 
analytical scheme recognized the occurrence of cracking 
within the frame and filler with increasing load. 
The method of analysis was based on .a lumped-
parameter model representation of the actual structure 
as shown in Fig. 2.5. The infilled frame was considered 
to be a plate with stiffening elements occurring on the 
boundary and within the plate itself. In-plane equili-
brium equations were derived for the plane continuum and 
transformed into equivalent equilibrium equations in 
terms of the analytical model. The resulting equations 
were augmented with terms which recognized the existence 
of the frame, and were equivalent to the finite-difference 
representations of the in-plane behavior of a plate with 
stiffening flexural and extensional elements. Formulation 
of the analytical process required assumptions regarding 
the behavior of the frame and filler materials, but 
retained the generality of overall structural behavior 
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since the progressive locations of cracking within the 
structure were al~ determined on the basis of successive 
solutions. 
The deformable nodes within the analytical model 
were interpreted as consisting of a set of spring compo-
nents whose stiffness characteristics were obtained from 
the derived equilibrium equations. A scheme was devised 
to modify the constituent spring components within the 
nodes to represent the existence of cracking. 
To produce a complete solution for a given 
structure, the analysis was programmed for a digital 
computer and yielded stresses, displacements, and the 
sequence of cracking within the model structure as load 
was increased up to ultimate. 
Two basic structures were analyzed: single-
story and five-story single-bay frames with horizontal 
loads applied at two points in each beam (Fig. 4.1, 4.2). 
To conserve computation time, the five-story structure 
was analyzed as an equivalent two-story structure with an 
auxiliary load system which reproduced the load effect of 
the upper three stories on the two lower stories in the 
original structure. 
6.2 Comparisons Between the Computed and Experimental 
Results 
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Shear strength in the frame was a critical faqtor 
in determining the ultimate load level in both single- and 
five-story structures. Tests of single-story structures 
indicated that failure occurred as a result of shear at 
the upper end of the tension column or by formation of an 
extensional hinge in the beam. The latter failure mode 
was obtained in structures with low percentages of 
reinforcement. Analysis verified the critical shear 
condition in the tension column as shown in Fig. 4.12 and 
4.16. 
The load-deflection curves for single-story 
structures as compared with experimental results are 
shown in Fig. 5.1 and 5.2. Points 'A' in both figures 
indicate the stage in the.computed curves at which critical 
shear conditions existed in the columns. 
Tests showed that five-story structures were 
prone to shear failure at the base of the compression 
column. Of the four structures tested, one structure 
(FFlC) has a premature shear failure as the applied load 
was increasing, whereas the other three developed extended 
deflections at ultimate load (Fig. 5.3 and 5.6). 
The comparisons between solutions 52, 56 and 
the test results for the five-story structures (Fig. 5.7) 
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ind~cate that the apparent tensile strength of concrete in 
the frame is lower than would normally be expected. This 
decrease may be due to residual stresses as caused by 
shrinkage or undetected cracking which was introduced 
during fabrication of the specimen. Since shrinkage 
effects are aggravated as the size of the specimen is 
decreased, it is expected that the effect of shrinkage 
stresses would be less apparent in full-size structures 
than in small-scale models. 
The effect of introducing a filler into a 
single-story structure is shown with reference to the 
computed load-deflection curves of Fig. 4.13. The plots 
show that the same ultimate load capacity may be ·generally 
expected, irrespective of the value of filler modulus. 
This is of particular significance in cases where a filler 
has a very low elastic modulus as a result of poor work-
manship or low-quality materials. 
Graphical representations of the role assumed 
by the filler in resisting shear and overturning moment in 
the uncracked structure are provided by Fig. 4.5 and 4.6. 
With increasing values of the filler modulus the shear and 
moment in the columns are sharply reduced for values below 
1,000,000 psi and remain relatively constant above 
3,000,000 psi. The percentage of the total moment 
supplied by axial. forces in the frame reaches a maximum 
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at a low value of filler modulus (600,000 psi). For 
values greater than 1,000,000 psi, the increase in the 
resisting moment provided by the filler is approximately 
equal to the decrease in the resisting moment due to 
axial loads in the frame. 
6.3 Conclusions 
This study has demonstrated that a discrete 
physical model analysis may be successfully employed in 
determining load-deflection response and crack formation 
in reinforced concrete frames with masonry fillers. 
procedures were developed for modifying the components 
of the model to reproduce the effect of cracking in the 
frame and filler of an actual structure. The model is 
intended for the analysis of structures which are composed 
of tension-weak materials such as concrete and masonry. 
Model representations of structural systems are 
particularly useful in handling problems with partial 
loadings and complex boundary conditions. The numerical 
procedures which are involved in producing a solution 
must necessarily be programmed for a digital computer. 
A general computer program based on the discrete 
physical model is a versatile tool for analysis. Dif-
ferent structural configurations may be defined (multi-
bays, multi-stories, filler openings). Thus it would be 
J 
I 
I 
J 
I 
1 
71 
possible to evaluate the behavior of existing structures 
without resorting to time-consuming and expensive tests. 
By varying the input data, behavior could be studied for 
different relative stiffnesses between frame and filler, 
or for different failure conditions. 
Tests with laboratory specimens have indicated 
that analytical studies may overlook such effects as 
residual stresses due to shrinkage, and cracking which 
was not caused by the application of external load. 
Laboratory investigations may be profitably employed in 
defining the significant parameters which should be con-
sidered in the analysis, and for correlating results from 
analysis. 
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TABLE 1 
VARIABLES COVERED BY THE ANALYTICAL SOLUTIONS 
Mark 
11 
12 
13 
14 
15 
16 
17 
51 
52 
53 
54 (a) 
55 (b) 
56 (c) 
No. of 
Stories 
1 
1 
1 
1 
1 
1 
1 
5 
5 
5 
5 
5 
5 
Frame Reinforcement 
percent 
1.1 
1.1 
2.2 
2.2 
2.2 
2.2 
2.2 
1.1 
2.2 
4.4 
2.2 
2.2 
2.2 
(a) Solution with additional vertical loads 
(b) Solution with openings in the filler 
Filler Modulus 
xl06 psi 
2.5 
2.8 
0.2 
0.6 
2.5 
3.1 
4.5 
2.5 
2.5 
2.5 
2.5 
2.5 
2.5 
(c) Solution with decreased limiting unit tensile stress~s 
for cracking - 117 psi (frame), 100 psi (filler) 
TABLE 2 
INVARIANT QUANI.'ITIES FOR THE ANALYTICAL SOLUTIONS 
symbol Description 
P Influence Load 
A Grid Spacing 
h Filler Thickness 
fy 
fl 
C 
Ef 
\l 
Cross Section of Frame 
Yield Strength of Reinforcement 
Elastic Modulus of Reinforcement 
Limiting Unit Tensile Stress for Cracking in the Frame 
Compressive Strength of Concrete in the Frame 
Elastic Modulus of Concrete in the Frame 
Limiting Unit Tensile Stress for Cracking in the Filler 
Compressive Strength of Filler 
Poisson's Ratio 
Quantity 
400 kips per story 
33 in. 
7 in. 
24 in. x 24 in. 
42,000 psi 
30,000,000 psi 
350 psi 
3,500 psi 
3,500,000 psi 
150 psi 
3,750 psi 
zero ...J U1 
--
Case 
1 
2 
3 
4 
........... ...........,., '--_._ •• _.-J ........... ~ ........... ~ .........-. ........ ~._.-J '-"~ 
TABLE 3 
COMPUTED LOADS FOR INITIAL CRACKING AS AFFECTED BY 
A VARIATION IN THE ASSUMED LIMITING VALUES FOR CRACKING 
Assumed Limiting Stress Computed Failure Loads 
Values for Cracking 
No. of (psi) 
Stories Frame Filler 
5 350 150 
5 175 200 
1 350 150 
1 175 260 
Frame 
209 
105 
678 
339 
(kips) 
Filler 
130 
174 
241 
321 
_ ............. 
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APPENDIX. THE COMPUTER PROGRAM 
The computer program which ~as developed for the 
analytical solutions was written for the IBM 7094-1401 
system at the University of Illinois Digital Computer 
Laboratory. Coding of the problem was done entirely in 
FASTRAN which is a fast-compile version of FORTRAN II. 
storage and computational requirements of the 
program were all contained within the computer core so 
that the inefficiencies of extra-core data storage 
devices were avoided. The program has the capacity to 
solve a full five-story structure (360 equations) of the 
type shown in Fig. 4.2. Solutions for the equivalent 
two-story structure (144 equations) required 8~ seconds 
for each computational cycle as shown in Fig. A.l. The 
single-story' structure (72 equations) required 3~ sec'onds 
per cycle. 
Since the analytical model considers the dis-
placement components at each mass pOint to be the unknown 
quantities, generat~on of the equilibrium equations is 
identical to the generation of the stiffness matrix for 
the model structure. Two methods were employed to solve 
for the unknown displacements - a direct procedure from the 
Gauss elimination method, and the Gauss-Seidel iterative 
method. The Gauss elimination technique was used to 
I 135 
J. 
I 
J 
I 
I 
obtain the initial solutions. It was observed that as 
cracking in the structure became more extensive, continued 
use of Gauss elimination became impractical as serious 
round-off errors appeared. Subsequent solutions were 
obtained by the Gauss-Seidel method which will theoreti-
cally converge to the correct solutions provided that cer-
tain conditions regarding the sum of absolute values of the 
off-diagonal terms hold. Practical use of Gauss-Seidel 
requires a finite number of iteration cycles so that there 
is always a truncation error. The process may be improved 
for convergence in a finite number of iterations by use of 
over-relaxation, the exact magnitude of which can best be 
determined by experience with the particular system being 
solved. With regard to the present problem, the accuracy 
of the solution could be determined by performing an inde-
pendent check for force equilibrium within the model from 
the print-out of model stresses. 
In both methods, storage of the entire stiffness 
matrix was unnecessary since the individual equations were 
generated as required. The symmetry and banded nature of 
the stiffness matrix was recognized in the Gauss elimina-
tion technique by using a procedure which required storage 
for only half of the terms in the nonzero band. 
The majority of solutions which were performed 
for structures consisting of materials with normal elastic 
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moduli, initial cracking occurred in the filler. Thus, the 
initial solutions were performed for stiffness matrices 
which differed only slightly from the immediately preceding 
ones. Displacements in the structure differed from one 
solution to the following by small monotonic increments. 
For this type of behavior, the Gauss-Seidel iterative method 
is ideally suited since the program contains the solution 
for the previous displacements which are close to the new 
values. Somewhat larger errors resulted in the later 
solutions when yielding occurred in the frame steel and 
produced large increments in displacements. The use of 
Gauss-Seidel at this stage was a drawback, but since the 
stiffness matrix had become increasingly sparse, the 
alternative of reintroducing Gauss elimination was 
impractical. 
, 
~ 
i 
1 
j 
I 
I 
1 , 
J 
I 
r 
I 
I 
I 
1 
J 
- PRELIMINARY COMPUTATIONS 
- SET UP ORDER CODE TO DEFINE THE MASS POINT 
LOCATIONS 
- INITIALIZE BOOKKEEPING SYSTEM FOR RECORDING 
STRESS POINT FAILURES 
GENERATE LOAD VECTOR 
YES 
COMPUTE DISPLACEMENTS 
COMPUTE STRESSES 
PRINT OUT STRESSES AND DISPLACEMENTS 
DETERMINE NEW CRACK LOCATION AND 
CORRESPONDING FAILURE LOAD 
MODIFY STRUCTURE FOR EXISTENCE 
OF NEW CRACK 
FIG. A.l FLOW DIAGRAM 
137 
I 
j 
I 
I 
l 
t 
J 
i 
·i 
.1 
I 
I 
I 
( 
OCD DISTRIBUTION LIST 
Ass istant Director of Civi 1 Defense (Research), Office of 
Civil Defense, Department of the Army-OSA, Washington,D.C. 
Defense Documentation Center, Cameron Station, Alexanderia 
Virg,jf.1ia 22314 
Dr. James O. Buchanan, Director, Shelter Research Division, 
Office of Civil Defense, Dept. of the Army-OSA, Washington 
D.C. 20310 
Mr. Norbert E. Landdeck, Shelter Research Division, Office 
of Civil Defense, Dept. of the Army-OSA, Washington D.C. 20310 
The ArnlY Library TAGO, the Pentagon, Washington,D.C.203l0 
Attn: Civil Defense Unit 
Assistant Secretary of the Army (R&D) Washington, D. C. 
20310 Attention: Assistant for Research 
COlllmanding Officer, U.S. Army Nuclear Defense Laboratory, 
SMUEA-CM-M-4A, Edgewood, Maryland 21010. Attn: Civil Defense 
Coordinator 
Commanding Officer, Nuclear Group, U.S. Army Combat Development 
Command, Fort Bliss, Texas 79906 
Commander, Field Command, Defense Atomic Support Agency, 
Sandia Base, Albuquerque, New Mexico 87106 
Commanding Officer and Director, U.S. Naval Civil Engineering 
Lab., Port Hueneme, California 93041. Attn: Document Library 
Commander, Naval Facilities Engineering Command, Code 0611C, 
Department of the Navy, Washington, D .. C. 20360 
Commander, Naval Ship Systems Command, Department of the Navy, 
Washington, D. C. 20360 
Commander, Naval Supply Systems Command, Department of the Navy, 
Washington, D. C. 20360 
Coordinator, Marine Corps Landing Force Development Activities, 
Quantico, Virginia 22133 
Chief, Bureau of Medicine and Surgery, Department of the Navy, 
Washington, D. C. 20390 
No. of 
Copies 
45 
20 
1 
i 
i j 
I 
1 }' 
I 
I 
I 
I 
I 
I 
I 
..J 
J 
) 
J 
, 
\ 
,j 
) 
I j 
Chief, Bureau of Naval Weapons (Code RRRE-4), Department of the 
Navy, Washington, D. C. 20360 
Chief of Engineers, Department of the Army, Washington, D. C. 
203 1 O. At t n : ENG TE - E 
Chief, Joint Civil Defense Support Group, Office Cllief of Engineers, 
Dept. of the Army, Gravelly Point, Washington, D. C. 20310 1 
Chief of Naval Personnel (Code PERS M12), Department of the Navy, 
Washington, D. C. 20370 
Chief of Naval Research (Code 104), Dept. of the Navy, Washington 
D. C. 
Chief of Naval Operations (OP-07T10), Dept. of the Navy; Washington 
D. C. 20360 1 
Director, Army Materials and Mechanics Research Center, 
W~tertown, Massachusetts 02172. 
Attention: Technical Library 
Director, U.S. Army Ballistic Research Laboratory, Aberdeen Proving 
Ground, Maryland 21005. Attn: Document Library 1 
Director, U.S. Army Engineer Waterways Experiment Station, P.O. 
Box 631, Vicksburg, Mississippi, / Attn: Nuclear Weapons Effects 
Branch 
Director, U.S. Army Engineer Waterways Experiment Station, P.O. 
Box 631, Vicksburg, Mississippi 39181. Attn: Document Library 
Director, Defense Atomic Support Agency, Washington D. C. 20301 
Attn: Technical Library 
Director, Defense Atomic Support Agency, Washington, D. C. 20301 
Attn: John G. Lewis 
Director, Defense Atomic Support Agency, Washington, D. C. 
20301, Attn: Jack R. Ke 1 so 
Director of Research and Development, Office of Emergency 
Planning, Washington, D. C. 20504 
Director, Air Force Nuclear Engineering Facil ity, Air Force 
Institute of Technology, Wright-Patterson AFB, Ohio 45433 
Director, Civil Effects Branch, Division of Biology and Medicine, 
U.S. Atomic Energy Commission, Washington, D. C. 20545 
At t n : L. J. De a 1 
1 j 
I 
I 
l 
I 
\ 
J 
I 
I 
I 
I 
I 
I 
'1 
1 
1 
I 
1 
1 
Director, Oak Ridge National Laboratory, P. O. Box X, Oak Ridge 
Tennessee, Attn: Dr. C. E. Clifford 
Office of the Secretary of Defense (Installations and Logistics), 
R a am 3 C 771, Th e Pen tag 0 n, Was h i n g ton, D. C. 203 01 . 
Attn: Strode L. Ely 
Office of Emergency Planning, Executive Office of the President, 
Washington D. C. 20504 Attn: Edward R Saunders 
Office of Emergency Planning, Executive Office of the President, 
Technical Analysis Division, Washinjton, D. C. 20504 
Attn: Charles F. Coffin, Planning Officer 
U.S. Atomic Energy Commission, Technical Information 
Service, PO Box 62, Oak Ridge, Tennesseee 37831 
Radiation Shielding Information Center, Oak Ridge National 
Lab., PO Box X Oak Ridge, Tennessee 37831 
U.S. Naval Radiological Defense Laboratory, San Francisco, Cal if. 
94135 Attn: Technical Library (Code 222A) 
U.S. Naval Radiological Defense Laboratory, San Francisco, 
Cal ifornia, 94135 Attn: Paul E. Zigman, Civil Defense 
Technical Group 
Air Force Special Weapons Laboratory, Kirtland Air Force Base, 
New Mexico 87117 Attn: Technical Library 
Department of the Air Force, DCS Programs and Resources, 
Engineering Division, Bolling Air Force Base, Building 626, 
Washington D. C. 20332 Attn: Col. F. A. Sanders 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
87544 Attn: Document Library 
Advisory Committee on Civil Defense, National Academy of Sciences, 
2101 Constitution Avenue, N.W., Washington D. C. 20418 
Attn: Richard Park 
Stanford Research Institute Menlo Park, Cal ifornia 94025 
Attn: James Halsey Civil Defense Technical Office 
New York State CD Commission, Public Security Building, State 
Office Building Campus, Albany, New York 12226 Attn: Werner 
Weber, 0 i rector 
Stanford Research Institute Menlo Park, Cal ifornia 94025 
Attn: William L. White, Civil Defense Technical Office 
2 
5 
\ 
.J 
) 
i 
.J 
I 
I 
I 
I 
[I 
J 
1 
1 
1 
1 
J 
Agbabian-Jacobsen Associates, 8943 S. Sepulveda Boulevard, Los 
Angeles, Cal ifornia 90045 
Ammann & Whitney, 225 Park Avenue South New York N. Y. 10003 
American Society of Civil Engineers, 2864 McFarlan Park Dirve, 
Cincinnati, Ohio·45211. Attn: Arthur D. Gaster, Chairman 
Coordinating Committee on Civil Defense 
Bechtel Corporation, 190 Shady Grove Road Gaithersburg 
Maryland 20760 Attn: L. Pinzow 
o ikewood Corporation, 1009 Bradbury Drive, S.E., University 
Research Park, Albuquerque, New Mexico 87106 
General American Transportation Corporation, GARD Division, 
7449 N. Nathcez Avenue, Niles, III inois 60648 
Hudson Institute, Quaker Ridge Road, Harmon-on-Hudson, New 
Yo r k, N. 1. 1 0520 
Institute for Defense Analyses, 400 Army-Navy Drive, Ar1 ington 
Virginia 22202 Attn: Dr. A. Sachs 
lIT-Research Institute, 10 West 35th Street Chicago Illinois 
Attn: Dr. Eugene Sevin 
The RAND Corporation 1700 Main Street Santa Monica 
California 90406 Attn: Dr. Harold Brode 
Research Triangle Institute PO Box" 12194 Durham, North 
Cai"O 1 ina 27709 
Sandia Corporation, Box 5800 Sandia Base, Albuquerque, New 
Mexico 87115 Attn: Luke J. Vortman, Division 5412 
T. Y. Lin [)"Associates, 14656 Oxnard St., Van Nuys Calif. 91401 
URS Systems Corporation, 1811 Trousdale Drive, Burl ingame 
Cal ifornia 94011 
University of Colorado School of Architecture, Boulder, Colorado 
80302 Attn: C. K. Vetter 
University of Florida, Dept. of Mechanical Enginering, Gainesville 
F 1 or ida 32601 Attn: John A. Samue 1 1 
University of Illinois, CEB, Urbana, Illinois 61801 
Attn: Dr. Nathan M. Newmark 
University of Illinois CEB Urbana, Illinois 61801 
Attn: Dr. William Hall 
University of Massachusetts, School of Engineering, Amherst 
Massachusetts, Attn: Dr. Merit Po White 01002 
Massachusetts Institute of Technology, Dept. of Civil and 
Sanitary Engineering, Cambridge, Massachusetts 02138 
University of Washington, Dept. of Civil Engineering, 
307 More Hall Set"lttle Washington 98105 Attn:Bill Miller 
Purdue University, Nuclear Engineering Department, Duncan Annex, 
Lafayette Indiana, Attn: Prof. Robert E. Bailey 
San Jose State College Dept. of C1vil Engineering, San Jose 
Cal ifornia 95114 Attn: Frankl in J. Agardy 
Texas A&M University, College Station, Texas 77843 Attn: 
Charles H. Samson, Jr., ~ead, Civil Engineering Dept. 
Worcester Polytechnic Institute Worcester, Massachusetts 01609 
Attn: Carl Koontz 
Dr. E. E. Massey Defense Research Board, Ottawa. Canada 
Director, Disaster and Defense Services Staff, A~ricultural 
Stabil ization and Conservation Service, U.S. Department of 
Agriculture, Washington D. C. 20250 
Oak Ridge National Laboratory, Civil Defense Research Project 
Attn: Mrs. Joanne S. Levey, PO Box X Oak Ridge, Tenn. 37830 
U.s. Naval Radiological Defense Laboratory, San Franci~co 
Cal ifornia 94135 Attn: Dr. C. M. Huddleston 
143 
; 
.J 
1 
I 
I 
I 
I 
J 
I 
j 
UNIVERSITY OF ILLINOIS DISTRIBUTION 
A LUMPED-PARAMETER MODEL TO SIMULATE THE RESPONSE 
OF REINFORCED CONCRETE FRAMES WITH FILLER WALLS 
by 
J. P. Fedorkiw and M. A. Sozen 
C. E . Kesler 2129 CEB 
R. J . Mosborg 1104 CEB 
W. H. Munse 2129 CEB 
C. P. Siess 3129 CEB 
J. B . Radziminski 2114 CEB 
G. K. Sinnamon 1106 CEB 
M. A. Sozen 3112 CEB 
J. E. Sta 11 meyer ? 118 CEB 
w. C. Schnobrich 3215 CEB 
R. J. Martin, Director Engrg. 
Exp. S tat ion 1 06 Eng. Hal 1 (3) 
Engineering Library Engrg. 
Hall(2) 
T&M Library 212 Talbot 
(Lab.) 
C. E. Reference Room 
B 1 06 CE B 
The John Crerar Library 
Chief, Acquisitions Department 
35 West 33rd Street 
Chi c ago, I 1 1 i no i s 6 06 1 6 
J. P. Fedorkiw, 5940 N. Kenmore 
Chi c ago, I 1 1. 6 06 26 
A. E. Fiorato 2214 CEB 
H. Flug, 5902 Cherrywood Terr. Apt. 204 
Greenbelt, Md. 20770 
W. L. Gamble 2209 CEB 
A. G. Girolami 2214 CEB 
S. Sahl in, Building Statics & Structural 
Engineering, Royal Institute of Technology 
Stockholi1l Sweden 
J. J. Sal inas-Pacheco, Ramon Coruna 
#239 Sur Juarez(l) Chihuahua, Mexico 
M. Yorulmaz,Mimar1ik Fakultesi, Teknik 
Universite, Istanbul, Turkey 
H. K. Hilsdorf 2211 CEB 
Bob Shoo1bred, The McPherson Company, Greenville, 
Air Force Special Weapons Center 
Tech. Inform. & Intell igence Div. 
Kirtland Air Force Base 
New Mexico 87117 
S. Carolina 
The Engineering Societies Library J. K. Sridhar Rao 
Order Librarian, Order Department %Head of Department of C. E. 
345 East 47th Street Indian Institute of Technology 
New York, New York 10017 Kanpur, V.P., India 
Library of Congress 
Chief, Exchange Section 
Exchange and Gift Division 
Washington, D. C. 20450 
Chief of Naval Research 
Attn: Code 439 
Department of the Navy 
Washington, D. C. 20360 
Prof. Franco Levi 
Corso Casale, 182 
Torino) Italy 
National Lending Library for Science 
and Technology 
Dept. of Scientific and Indust. Research 
Boston Spa, Yorkshire England 
., 
", 
I 
t 
1 
J 
I 
I 
I 
I 
I 
I 
"\ 
J 
I 
..J 
I 
I 
, 
i 
National Research Council Library 
Library Acquisitions Section 
Sussex Drive 
Ottawa 2, Canada 
National Library for Science and 
Invention 
State Paper Room 
The British Museum 
London, W.C.I, England 
Cement and Concrete Association 
Library 
52 Grosvenor Gardens 
London, S. W.l, England 
Structural Clay Products 
1750 Old Meadow Road 
McLean Virginia 22101 (5 copies) 
Brian C. Best 
Head of Design Research Dept. 
Cement and Concrete Assoc. 
Wexham Springs 
Slough, Bucks, England 
i 
j 
1 
Unclassified 
Secunty Classificatlon 
DOCUMENT CONTROL DATA· R&D 
(Security classification 01 title, body o/ablftract and Jndexinl2 annotBtion must be entered when the o_,-a1/ report Is cIlJlJsUled) 
1. ORIGINATING ACTIVITY (Corporate author) 
Department of Civil Engineering 
University of Illinois 
Urbana, III inois 61801 
3. REPORT TITL.E 
211. REPORT SECURITY CL.AS5IFICATION 
Unclassified 
2b. GROUP 
A Lumped-Parameter Model to Simulate the Response of Reinforced Concrete 
Frames with Filler Walls 
, ... DESCRIPTIVE NOTEs (Type of rlttpOrt and inclusive dates) 
Technical Report, Sept. 1966-June'1968 
5. AU THOR(S) (Fir.t narme, middle initial, last name) 
~ 
i James P. Fedork iw, and Mete A. Sozen 
.J 
I 
I 
I 
I 
] 
J 
] 
) 
e. REPORT DATE 7a. TOTAL. NO. OF PAGES 
June 1968 137 
811. CONTRACT OR GRANT NO. ~. ORIGINA TOR'S REPORT NUIof'BER(S) 
DAHC 20-67-C-0136 Sub 12472 Civil Engineering Studies 
Structural Research Series No. 338 b. P RO.J E C T NO. ( 6 3 OOA - 03 0 ) US 
c. 
d. 
~b. OTHER REPORT NOIS) (Any other numbe" that rzUIY be aea/Fed 
tills report) 
10. DISTRIBUTION STATEMENT 
Th is document has been approved for pub 1 i c re 1 ease and sa 1 e; its 
distribution is unlimited. 
11. SUPPL.EMENTARY NOTES 12. SPONSORING MIL.ITARY ACTIVITY 
13. ABSTRAC T 
A discrete physical model (lumped-parameter) has been developed for the 
analysis of reinforced concrete frames with masonry filler walls. The.entire 
analytical procedure has been programmed for solution by digital computer, and 
yields crack formation and the load-deflection response up to the ultimate load. 
compar i sons are presented between results as obtained from analysis and tests of 
single- and five-story single-bat structures subjected to lateral loads. 
DD ,''=-.. 1473 RK'-LACK. DO POtItw '.7 •• 1 .IAN •• ,WHICH t. O.IIOLKTK POR ARMY U.K. Unclassified 
security deeeificelion 
Unclassified 
Securi ty Classification 
'4. 
KEY WORDS 
Frames, horizontal loadings, infilled frames, 
lumped-parameter mode 1 , masonry wa 11 s , reinforced 
concrete, shear wa 1 1 s , structural analysis 
LINK A LIN K B LINK C 
ROLE WT ROLE WT ROLE WT 
Unclassified 
"..... 
\ ) 
I 
r 
if 
L 
I 
I 
I 
I 
I 
I' 
;. 
L:I 
A Lumped-Parameter Model to Simulate the Response of Reinforced Concre~ 
Frames with Filler Walls, (Unclassified), by J. P; Fedorkiw and M. A. 
Sozen, Department of Civil Engineering, University of Illinois, Urbana, 
III inois, June 1968. 137 pages. Contract DAHC 20-67-C-0136, Sub 12472 
(6300 A-030)US, OCD Work Unit 11270. 
Key Words: Frames, horizontal loadings, infilted frames, lumped-
parameter model, masonry walls, reinforced concrete, shear walls, 
structural analysis. 
Abstract: A discrete physical model (lumped-parameter) has been 
developed for the analysis of reinforced concrete frames with masonry 
filler walls. The entire analytical procedure has been programmed for 
solution by digital computer, and yields crack formation and the load-
deflection response up to the ultimate load. Comparisons are pre-
sented between results as obtained from analysis and tests of single-
and five-story single-bay structures subjected to lateral loads. 
A Lumped-Parameter Model to Simulate the Response of Reinforced Concre~ 
Frames with Filler Walls, (Unclassified), by J. P. Fedorkiw and M. A. 
Sozen, Department of Civil Engineering, University of Illinois, Urbana, 
III inois, June 1968. 137 pages. Contract DAHC 20-67-C-0136, Sub 12472 
(6300 A-030)US, OCD Work Unit 11270. 
Key Words: Frames, horizontal loadings, infilled frames, lumped-
parameter model, masonry walls, reinforced concrete, shear walls, 
structural analysis. 
Abstract: A discrete physical model (lumped-parameter) has been 
developed for the analysis of reinforced concrete frames with masonry 
filler walls. The entire analytical procedure has been programmed for 
solution by digital computer, and yields crack formation and the load-
deflection response up to the ultimate load. Comparisons are pre~ 
sented between results as obtained from analysis and tests of single-
and five-story single-bay structures subjected to lateral loads. 
: . ~ i . i ~. i", : .. 
A Lumped-Parameter Model to Simulate the Response of Reinforced Concreu 
Frames with Filler Walls, (Unclassified), by J. P. Fedorkiw and M. A. 
Sozen, Department of Civil Engineering, University of Illinois, Urbana, 
Illinois, June 1968. 137 pages. Contract DAHC 20-67-C-0136, Sub 12472 
(6300 A-030)US, OCD Work Unit 11270. 
Key Words: Frames, horizontal loadings, infil\ed frames, \umped-
parameter model, masonry walls, reinforced concrete, shear walls, 
structural analysis. 
Abstract: A discrete physical model (lumped-parameter) has been 
developed for the analysis of reinforced concrete frames with masonry 
filler walls. The entire analytical procedure has been programmed for 
solution by digital computer, and yields crack formation and the load-
deflection response up to the ultimate load. Comparisons are pre-
sented between results as obtained from analysis and tests of s"ingle-
and five-story single-bay structures subjected to lateral loads. 
A Lumped-Parameter Model to Simulate the Response of Reinforced Concre~ 
Frames with Filler Walls, (Unclassified), by J. P. Fedorkiw and M. A. 
Sozen, Department of Civil Engineering, University of Illinois, Urbana, 
Illinois, June 1968. 137 pages. Contract OAHC 20-67-C-0136, Sub 12472 
(6300 A-030)US, OCD Work Unit 11270. 
Key Words: Frames, horizontal loadings, infilled frames, lumped-
parameter model, masonry walls, reinforced concrete, shear walls, 
structural analysis. 
Abstract: A discrete physical model (lumped-parameter) has been 
developed for the analysis of reinforced concrete frames with masonry 
filler walls. The entire analytical procedure has been programmed for 
solution by digital computer, and yields crack formation and the load-
deflection response up to the ultimate load. Comparisons are pre-
sented between results as obtained from analysis and tests of single-
and five-story single-bay structures subjected to lateral loads. 

